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POLYNOMIALS RELATED TO THE BESSEL FUNCTIONS

BY

F. T. HOWARD

ABSTRACT.   In this paper we examine the polynomials Wn(a) defined

by means of
oo

-4exa[x(ex - 1) - 2(e* + l)]"1 =    2    W (a)xn/n\.
n=0

These polynomials are closely related to the zeros of the Bessel function of the

first kind of index —3/2, and they are in some ways analogous to the Bernoulli

and Euler polynomials.   This analogy is discussed, and the real and complex

roots of Wn(a) are investigated.   We show that if n is even then Wn(a) > 0 for

all a, and if n is odd then W„(a) has only the one real root a = Vi.   Also we

find upper and lower bounds for all b such that Wn(a + bi) = 0.   The problem

of multiple roots is discussed and we show that if n = 0, 1, 5, 8 or 9   (mod 12),

then Wn(a) has no multiple roots.   Finally, if n = 0, 1, 2, S, 6 or 8   (mod 12),

then Wn(a) has no factor of the form a   + ca + d where c and d are integers.

1.  Introduction.  The purpose of this paper is to investigate the polyno-

mials Wn(a) defined by means of

—4exa V-* xn

(1-1) x{ex - l)-2(e* + 1) = nÇ0 W^JÄ'

These polynomials, first introduced in [7], are of interest because of their rela-

tionship to the zeros of the Bessel function and because they are in some ways

analogous to the well-known Bernoulli and Euler polynomials. Throughout this

paper we let Wn = Wn(0).

The relationship to the Bessel function of the first kind, Jv(z), is found by

letting

CO

(1.2) o2„(y) = £  0;,m)"2"      (« = 1, 2, . . . ),
m = l

where the /„ m are the zeros of z~ y/„(z).  Then, as pointed out in [7],

(1.3) a2„(-3/2) = (-l)"22"-*W2n_2K2n - 2)!.

-
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This relationship will be more fully discussed in §5, where we show how the

generating functions for the Euler and Bernoulli polynomials can be generalized

so as to produce numbers analogous to Wn and formulas similar to (1.3), i.e.,

formulas involving o2n(v) where v is half an odd integer. It should be mentioned

that the function a2n(i>), known as the Rayleigh function, has been the subject

of a number of investigations.  Its early history can be found in [22, p. 502],

and more recent papers include [3], [4], [10] —[13] and [15] —[17].

Some of the results concerning Wn(a) which are proved in this paper are:

(a) W2n(a) > 0 for all real a.

(b) W2n+j(a) has only one real root a = Vi.

(c) If 2b2 < 1 and a ± Vi then Wn(a + bi) * 0.

(d) If 0 < rb2 < 1, where r = 2 if n is odd and r = 6 if n is even, then

WnÇâ + bi) * 0.
(e) If Ab2 > m(m + 1) and 0 < a < 1, then Wm(a + bi) ¥= 0.

(0 If M >0 then

/j!2_„3_[(„+1)/2i <]wj<„!2-" + 1.

(g) If n = 0, 1, 5, 8 or 9 (mod 12), then Wn(a) has no multiple roots,

(h) If n = 0, 1, 2, 5, 6 or 8 (mod 12), then Wn(a) has no factor of the

form a2 + ca + d when c and d are integers.

2.  Basic properties of Wn(a). The polynomials Wn(a) we are discussing in

this paper are the same as the polynomials Cn(a) defined in [7]. The notation

has been changed to avoid confusion with the numbers Cn discussed in [19, p.

27].

In [7] it is proved that

(2.1) W2n=-nW2n_l>0      («>0),

(2-2) ^(1) = (-1)^„,

and the following formulas are derived:

(2.3) (n + l)Wn(a + 1) - (« + l)Wn(a) - 2Wn+1(a + 1) - 2Wn+,(«) = -4a"+1,

(2-4) 2(2« + l)W2n = 2 + "¿  ( \+ !)(2« ~2r-\)W2r

It also follows from (1.1) that for n > 0

(2.5)       4W„(a) = 4a" - 2nWn_1(a) + "¿ (n\n - r - 2)Wr(a).

It follows from (2.4) that



POLYNOMIALS RELATED TO THE BESSEL FUNCTIONS 235

(2.6) pWn = 0 (mod p)

if p is an odd prime.  That is, if Wn is reduced to its lowest terms, the only pos-

sible prime dividing its denominator is 2.  In fact, by a theorem in [5] we have

(2-7) 2fW2n ■ l  (mod 2)   if 2f II« + 1.

Here the notation 2'II« + 1 means 2f is the highest power of 2 dividing « + 1.

Thus by (2.1) we have for « odd,

(2-8) 2iW2„_1 = 1  (mod 2)   if 2fll« + 1,

and if « is even

(2.9) 2fW2„_1 = l   (mod 2)   if2fll«.

Note that by (2.6) W2n is an odd integer if « is even.

By (1.1) we see that

_^4_ = ^       x"
(2.10) x(ex _ i) _ 2(e* + i)     ¿o ^ „T•

It follows from (2.4) that W0 = 1, Wl = -1/2, IV2 = 1/2, W3 = -1/2, W4 =

l,Wi=—7/4. The first 15 values of Wn are listed in [7], though there is a mis-

print involving W13 and If14. The correct values are

W13 =-660,651/8,        W1S = -24,099,103/8,

W14 - 4,624,557/8,        Wl6 = 24,099,103.

The first 9 polynomials are

W0(a)=l,

W1(a) = a~2,

1
W2(a) = a2-a + ^,

T.i /- x 3       3   2   i   3 1
W3(a) = a3 — 2«   + 2a ~ f

W4(a) = a4 - 2a3 + 3a2 - 2a + 1,

5 -
Ws(a) = a5 - sa4 + 5a3 - 5a2 + Sa - j,

W6(a) = a6 - 3a5 + ya4 - 10a3 + 15a2 -|a+^,

7     7 6  , 21   5     35 4 a      147 2      147        51
W7(a) = a7 - ¿a6 + y a5 - y/ + 35aJ - ~^a2 + ^a

WJa) = a8 -4a7 + 14a6 - 28a5 + 70a4 - 98a3 + 147a2 - 102a + 51
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The roots of W2(a) are lA ± W and the roots of IV3(a) are &, lA ± iy/3/2.

It follows from (1.1) that

(2.11) Wn(a) = ± (1)wn-S = t ("H*"-''
r=0 xr/ r=0  x r/

SO

(2.12) IV» = «W„_,(a),

and

^2

r=0

(2.13) „_,

W2

(2.14)

„(a + bi) = £ (^*"-*<-iy,-'*aitt

+/s(2r+1)^^-H-iy,-%H.i^

„+1(«+¿o=¿(22"t!)(-i)"^2n-2r^+i(«)

+'¿(2"2t1)("ir~,'o2"+1"2rH;2Xa)'

Relationships to the Bernoulli and Euler polynomials can be derived from

(1.1). The Euler polynomials En(a) are defined by

(2.15) -££—- = y £■ (a)^.
c    T *       n=0

Thus we have

£    W ,ay* =_2f!l_-4(«» + 1)_
„=o    "W"!      e* + 1    2x(e* - 1) - 2{ex + 1)

~ xn °° x2n

and so

(2.16) IV„(a)=   £   ( " W2fc • 2?2;|_2fc(fl).

Similarly

(2.17) *„<»)-*„«+§    £      (" " ^W+^O)^.«.^)
z2fc + 2<n V¿« + t/

The Bernoulli polynomials Bn(a) and Bernoulli numbers Z?„ = Bn(0) are defined

by
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xexa ^. Xn

(2.18) f—, = Z *■(«)&•

Thus by (1.1) we have

(2.19) (2n + l)W2n(a) = -2   £   ( £ + !) »WA-a*«.

(2.20) £» ={(2)^-2(0) +   Z  Q^^-a*^)-

The basic properties of the Euler and Bernoulli polynomials are discussed in [19,

Chapter 2].

In determining whether or not Wn(a) has multiple roots, we will need the

following rule [9] for finding the highest power of 2 dividing the binomial co-

efficient Ç):

Lemma 2.1.   Write « = «0 + «, 2 + • • • + «fc2fc, ni = 0 or 1, r = r0 +

r,2 + • • • + rk2k, rt — 0 or 1. Start with the smallest i such that r¡ > n¡ and

count the number of adjacent digits r¡, ri+1, • • • such that r¡+]- > ni+j. Stop

counting when r/+/- < «/+/-, resume counting when ri+- > «/+ • and repeat the

process.   The total number of digits counted is the highest power of 2 which di-

vides^).

3. Inequalities and the real roots of Wn(a). We begin by showing that

W2n(a) has no real roots and W2n+1(a) has exactly one real root, namely a = Vi.

Theorem 3.1. Forn> 0, Wn(a) = (- 1)"W„(1 - a).

Proof. Replacing x by — x in (1.1) and simplifying, we have

™ vn —Apx(l-a) " v«

Z »M-W fr - ̂ .^d-^^d - Z ■"„(> -«>£•
Corollary. Ifn is odd, Vi is a root of Wn(a).

Theorem 3.2. For all real a, W2n(a) > 0.

Proof. By (2.11) and (2.1) we have

»wo - «*• + z [(£)•"-" - K» - >""!,+'] *»
and it is clear that if a < 0, W2„(a) > 0.  Assume 0 < a < V£. Then

W2n(a)>a2n+ Z a2"~2r
r = l

>2«X_±/   2«   V

\2r)     2r\2r-\) W2r.
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Nowsince(|r")>(2/-)-1(22^1),r= l,...,«,We have W2„(a)>0if-«»<a<1/¿.

By Theorem 3.1, the theorem is true for all real a.

Theorem 3.3. For n>0, W2n+,(a) has exactly one real root, a = *A.

Proof. By Theorem 3.2 and (2.12), W2n+ ,(a) is an increasing function.

The graphs of W2n(a) and W2n+ ¡(a) for « > 0 are given in Figures 1 and 2

respectively. Note that W2n(a) has its minimum value at a = id.

W2n(a), « > 0

Figure 1

w/2/i+i(û).n>0

Figure 2

Next we prove two inequalities involving Wn(a).

Theorem 3.4. For all real a,

n\Wn(a)\ln\>\Wn_2(a)\l{n-2)\

except when n is odd and a = V¡.

Proof. By (2.5) and the fact that W2nQA) > 0 for all «, it is clear that

l2W2nQA)/(2n)\ > W2n_2QA)l{2n-2)\

Also, by (2.4) it is clear that the theorem is true when « is even and a = 0 or 1.

Hence by (2.1) the theorem is true when a = 0 or 1 for all «. We now proceed by

induction on «. The theorem is true for « = 2; assume it is true for 2.« — 1.

If 12Wn(a)ln ! = Wn_2(a)/(n - 2)\ for some a > % it follows that

12Wn(b)/nKWn_2(b)!(n-2)\

for some b > lA {b>iAiîn is even). Then by (2.12),

12M/„_,(è)/(« - 1)! < Wn_3(b)l(n -3)!,

a contradiction.

Theorem 3.5. For 0 <a < 1 and « >2,

4|H/„(a)|/«!<|IV„_2(a)|/(«-2)!
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Proof. We first prove the theorem for « even and a = lA. By (2.5) we

have

nuW2nW    W2n-2M_22-2»   , "A2 2« - 2r - 2 W^M    W2n-2M
Kó   >   (2«)!        (2«-2)!  "   (2«)!   + ¿>Q (2« - 2r)\      (2/-)!        (2«-2)P

Also from (2.5), replacing « by 2« —1, we have

W2n_2QA)       22-2»    .l"^22n-2r-3    ^2r{xA)

(2n-2)l   - (2« - 1)! + 2 ^ (2« -2r- 1)!   (2r)\   "

Substituting this expression for W2n_2(1A)l(2n — 2)! into the right-hand side of

(3.1), we see that 4W2n(1A)/(2n)\ < W2n_2(}A)¡(2n - 2)!. Next we show the

theorem is true when a = 0 or 1.  From (2.5) we have

^m-

2n_2/2«+ 1\
,+ i=Z(     r    )(2n-l-r)Wr-2(2n + l)W2n,

r= 0 r

and so by (2.1),

4^2n+2 ... ̂ 2»   _1 V   2«-l-2r   War    , V1       2»-2r      J^,
(2« + 2)! " (2«)!     2 ¿» (2« + 1 - 2r)! (2/-)!      ¿r, (2« - 2r + 2)! (2r)! '

Now since(2«- 1 -2r)/2(2n + l-2r)l>(2n-2r)/(2n -2r + 2)! forr = 1,...,

« — 1, we see that for « > 1

4H>2„+2/(2« + 2)! <W2„/(2«)!,

and so by (2.1)

4|W„|/«!<|IV„_2!/(«-2)!

for n > 2. We now proceed by induction as we did in Theorem 3.4 to finish the

proof.

Corollary. For « > 0

2~2"3-"(2«)! < W2n <21"2"(2n)!J

-21~2"3-"(2« - 1)! > R>        >-22~2"(2« - 1)!,

2-3-"<|a2„+2(-3/2)|<l.

4. Complex roots of Wn(a).

Theorem 4.1. If a * & and 2b2 < 1, Wn(a + bi) ¥= 0.

Proof. For W2n(a + bi), we examine the imaginary part of (2.13). By

Theorem 3.4 the imaginary part of (2.13) is never zero if 2 b2 < 1.   For



240 F. T. HOWARD

W2n+l(a + bi) we examine the imaginary part of (2.14) and again use Theorem 3.4

to show it is never zero.

Theorem 4.2. If a = Vt and 0 < 2Z>2 < 1, then W2n +, (a + bi) ¥= 0. If a = Vl

and 6b2 < 1, then W2n(a + bi) * 0.

Proof. The proof for W2n+1(a + bi) is the same as the proof of Theorem

4.1. Since WrQA) = 0 if r is odd, we must examine the real part of (2.13) for

W2n(a + bi). By Theorem 3.4, the real part is never zero if 662 < 1.

Theorem4.3. If 0<a<land4b2 >m(m + 1), then Wm(a + bi) + 0.

Proof. For W2n(a + bi) we use Theorem 3.5 to show that the imaginary

part of (2.13) is never zero. For W2n+ t(a + bi) we use Theorem 3.5 to show that

the real part of (2.14) is never zero.

When examining Wn(a) for multiple roots, we need to work with Wn(a)

modulo 2. The next theorem shows that if 2m Wn is integral modulo 2 then 2m Wn(a)

has integer coefficients.

Theorem 4.4. (a) lfn = 0 (mod 4) r«e« Wn(a) has integer coefficients. Also

Wn(a) = (1 + a)"+2 + a"+2  (mod 2).

(b) Ifn = 1 (mod 4) and 2f II« + 3, then 2f_ ' Wn(a) has integer coefficients.

Also

2t~lWn(a) = (l+ a)n + 3+ a" + 3 (mod 2).

(c) Ifn = 2 (mod 4) and 2* II« + 2, then 2'~l Wn(a) has integer coefficients.

Also

2{-lWn(a) = (1 + a)" + 2 + an+2   (mod 2).

(d) Ifn = 3 (mod 4) and 2t II« + 1, then 2t~1 Wn(a) has integer coefficients.

Also

2'-« Wn(a) = (1 + a + a2) [(1 + a)"+1 +an+1]   (mod 2).

Proof. To prove this theorem we examine (2.11), using (2.7), (2.8), (2.9)

and Lemma 2.1. We will show how to prove (d), which is the most difficult of the

four cases. Suppose

« + 1 = 2f + 2fl + • • • + 2tm,      2 < t < tt < • • • < tm.

By considering the different cases, namely r = 0,1,2 or 3 (mod 4), and by using

Lemma 2.1, we can show that 2t~1Ç)Wn_r = 0 (mod 2) if and only if for 0 <r <

« either

(4.1) r = 2Ul + .-.+2"*,
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(4.2) r=l+2Ul+- '+2"k,

(4.3) r = 2+2"l+- "+2Uk,

where {«,,..., uk} is any subset of {r, r1,..., tm }. For example, suppose r = 0

(mod 4). If r is of the form (4.1), then n — r = 3 (mod 4) and

n-r = -l + 2h + 2hl +• • • + 2A<?     (2<«<«, • ••)

where {«,«!,... ,«fl}isasubsetof{r, f,.rm}. By Lemma 2.1, 2h_,ll(")

and so 2f_1(?)&/„_,.= 1 (mod 2). If r = 0 (mod 4) but r isnot of the form(4.1),

then using the same type of reasoning we see that 2t~1(")Wn_r = 0 (mod 2). The

cases r = 1,2, or 3 (mod 4) are treated in a similar way. Thus we have, letting t0 = t,

m

2f-1H/n(a) = (l+a + a2)ri(l+a2f'') + an+1+a" + 2+a"+3
1=0

= (l+a + a2)((l + a)n + 1+an + 1) (mod 2).

Theorem 4.5. Ifn = 1 (mod 4) then Wn(a) has no multiple roots.

Proof. Let d(a) be the unique, monic, rational coefficient GCD of Wn(a)

and W'n(a) = nWn_l(a). Since « - 1 a 0 (mod 4) it follows that Wn_1(a) has in-

teger coefficients, and

(4.4) R/„_1(a) = C?(a)-/(a)

where f(a) is monic with rational coefficients. By Gauss' lemma, d(a) and /(a) have

integer coefficients. Thus, if 2t II« + 3, we can write

(4.5) 2t-lW„(a) = d(a)-g(a)

where g(a) has integer coefficients. Let d(a) = d*(a) (mod 2) where the coefficients

of d*(a) are 0 or 1. Now since d(a) divides W„_, (a) and 2Í_ 1 Wn(a), it follows from

(4.4), (4.5) and Theorem 4.4 that d*(a) divides (mod 2) both (1 + a)n+ 3 + a"+3

and ( 1 + a)" +1 + a"+1. This implies that d*(a) divides

[(l+a2) + a2] [(l+a)" + 1+a" + 1] + (1 +a)" + 3 +an + 3

= (l+a)2a"+l+a2(l+a)n + 1

= a2(l+a)2[(l+a)"-1+a"-1]  (mod 2).

Now if d*(a) divides a2 or (1 + a)2 (mod 2) then d*(a) = 1,because Wn_l(Q) =

W„_i(l) = l(mod2). If c?*(a) divides (1+a)"-1 +a"_1 (mod 2) then, as above,

it follows that d*{a) divides (1 + a)"~ 3 + a" ~ 3 (mod 2) and hence d*(a) divides

(1 + a)2 + a2 = 1 (mod 2). In any event c?*(a) = 1 and since d(a) has the same

degree as d*(a), we must have d(a) = 1.
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Theorem 4.6. Ifn = 0 or 8 (mod 12), r«e« Wn(a) has no multiple roots.

Proof. Let d(a) be the unique, monic, rational coefficient GCD of Wn(a)

and W'n(a) = nWn_1(a). As in the proof of Theorem 4.5, it follows that d(a) has

integer coefficients and we can write Wn(a) = d(a) • f(a), 2*~x Wn_1(a) = d(a) • g(a)

where 2f II« and /(a), g (a) have integer coefficients. Let d(a) = d*{a) (mod 2) where

the coefficients of d*(a) are 0 or 1. It follows that d*(a) divides both (1 + a)n+2 +

a"+2and(l+a + a2)[(l+a)"+a"]  (mod 2). Now, as in the proof of Theorem

4.5,1 is the only common factor (mod 2) of (1 + a)n+2 + an + 2 and (1 + a)" + a".

Thus either d*(a) = 1 or d*(a) = 1 + a + a2. Since

(1 +a)n+2 +a"+2 =(1 +a)2(l + a)n +an + 2

=■(1 +a2 +a4)(l + <0" +a4(l +a)n +an + 2

= (1 +a2 +a4)("'£    a4fc(l +a)"-2fcj+a"+2(a" + 2+ 1)

if d*(a) divides both (1 + a)" + 2 + an+2 and 1 + a + a2 (mod 2), then d*(a) di-

vides a"+2(a"+2 + 1) (mod 2). Now

a"+2 + l=(a + l)(l+a+a2 + - • -+a" + 1)

s(a+l)(l +a + a2)(l +a3 + • • • +an~1) if«+ 2 = 0 (mod 3)

= (a+l)(l+a+a2)(l+a3 + - • • +a"~2) + (a + l)a" + 1

if« + 2 = 1 (mod 3)

= (a + l)(l+a + a2)(l+a3 + - • •+a"-3) + (a + l)2a"

if« + 2 = 2(mod3)

and thus if « = 0 or 2 (mod 3) we must have d*(a) = 1 = d(a).

Theorem 4.7. Ifn = 4 (mod 12), then Wn(a) has roots of multiplicity at

most 2. If Wn(a) has a multiple factor, it is of the form a2 —a + c where c is a

positive odd integer.

Proof. We can proceed as we do in the proofs of Theorems 4.5 and 4.6 to

show that 1 is the GCD of Wn(a) and Wn\a). We know from the proof of Theorem

4.6 that if d(a) is the unique, monic, integer coefficient GCD of Wn(a) and Wn(a),

then either d(a) = 1 or d{a) = a2 —ba + c where b and c are odd integers. Now if

Wn(a) = (a2 -ba + c)2F(a), then since Wn(a) = Wn(l -a) we have

K(a) = [(1 -a)2 -b{\ -a) + c]2F(l -a) = (a2 -ba + c)F(a).
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Since F(a) is square free, we have

(l-a)2-b(l-a) + c = a2-ba + c

and thus b = 1. Since Wn(a) has no real roots, c must be positive.

It is worth noting that W4(a) = (1 — a + a2)2.

Corollary. Ifn = 2 (mod 4), then Wn(a) has roots of multiplicity at

most 2. Ifn = 3 (mod 4), then Wn(a) has roots of multiplicity at most 3.

Theorem 4.8. Ifn = 0,1,2, 5,6 or 8 (mod 12), then W„(a) has no factor of

the form a |+ ca + d where c and d are integers.

Proof. By the proof of Theorem 4.6, this theorem is true for « = 0 or 8

(mod 12).  In the proof of Theorem 4.6 we showed for « even that (1 + a)n +

a" is divisible (mod 2) by 1 + a + a2 if and only if n = 0 (mod 3). Now sup-

pose n = 1 or 5 (mod 12). Then by Theorem 4.4, 2t'1 Wn(a) = (1 + a)" + 3 +

a"+3 (mod 2), and if a2 + ca + d divides 2f~ » Wn(a), c, d odd, then a2 + a + 1

divides (1 + a)"+3 + a"+3 (mod 2), which cannot happen since « + 3^0

(mod 3). Since

2í-1W„(0)=.2í-1K/n(l)=-l (mod 2)

it also follows that a2 + ca + d does not divide Wn{a) if c or d is even.   The

proof is similar for n = 2 or 6 (mod 12).

5. A generalization.  The relationship of the numbers W„ to the Rayleigh

function o2n(— 3/2) is given by (1.3). There are similar formulas involving

a2n(v) where v = ± 1/2 and v = 3/2.  In particular (see [12] and [7]),

a2„(l/2) = (-l)"-122"-152„/(2«)!,

a2„(-l/2) = (-lT2'^iE2n_íiO)K2n - 1)1,

o2n(?l2) = (-If" !3 • 22"-1 F2„/(2«)!    (« > 1),

where B2n = B2n(0) is the 2«th Bernoulli number defined by (2.18);

^-i(0) = 2(1 2«22")^>

the constant term of the Euler polynomial E2n_1(a) defined by (2.15); and V2n =

V2n(0) is the 2«th van der Pol number defined by

exax3!6 v   v , v x"
(5-1) **. + !)- 2(^-1) = „Ç0 V»(a) Ü •

The Bernoulli and Euler polynomials are well known and have been studied in a
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number of papers.  See [1], [2], [19, Chapter 2] and [20], for example.   The

present writer [6], [7] has investigated the van der Pol polynomials defined by

(5.1). The van der Pol numbers were first defined and used by van der Pol [21],

and an application is given in [18].

There appears to be a natural way to generalize the generating functions for

the Bernoulli and Euler polynomials so as to produce the van der Pol polynomials

and the polynomials of this paper, and so as to produce formulas similar to (1.3)

for a2n(y), v half an odd integer.  In particular, note formulas (5.13) and(5.19) of

this section.  Also [8] should be noted.

We shall use the following formulas [12] :

z Jv+i\z>      ^        , N 2„

2 -JJzT = £   °2n(^2   .
«-1

z/"+l(Z)

Jv(Z) n=l

where Jv(z) is the Bessel function of the first kind.

Letyn(x) be the Bessel polynomial defined in [14]. That is,

>ft(2/*)=  Z %=$*.
r —0

f  (2k-r)\
£0rl(k-r)\

xkyk(.-2ix) = £ {rfk_%{-\)k-rxr.

So we have

y0(2/x) = 1 = y0(-2/x),

xyt(2/x) = x + 2;    xyx{—2lx) = x — 2,

x2y2(2/x) = x2 + 6x + 12;    x2y2(-2/x) = x2 - 6x + 12.

Now for k > 0 define Wkn(a) by

f54^ _(- l)*2(2*)!e*"/A;!_ =y ^

C5-4) (- l)kx*yk(2/x) + e*^fc(-2/x)     ¿lo    "■"      nl '

so for k = 0 we get precisely (2.15) and for k = 1 we get (1.1). That is,

Wo,n(fl) = En(a),        Wun(a) = KM-

If we write

£ bk¡rxr= xkyk(-2/x) = fK1(x) + fK2(x)
r = 0
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where

(5.5) /ft.l(*) = 2X2r+l*2r+1.     /„«-XAftar*2'.

then we can rewrite (5.4) as

By replacing x by — x we can show, as we did in Theorem 3.1, that

(5.7) WKn{a) = {-\)nWKn{\-ä).

Also, if we define Wk „ = Wkn(0), we have

#• = 0   vr/

and

(5.9) ^„(l) = (-l)"Wk>„.

Now by (5.2) and [14], we know for k > 0,

¿(-l)"2-2"a2„(-ft-f);
«=o ^ /

2n
-, (-l)kyk(2lx) + exyk(-2lx)

4   (- Dfc+VÄ+1(2/x) + e*yk+1(-2/x) ~ ko~

Thus by (5.5), (5.6) and (5.9) we have for k>l,

«lift    *Tf-lV* W^2w-r      (-D"+fc(2A:)!2-2" /   .      IN
(5.10)  ^o( Dr*ft.Iirçj—J.-V        ¿ /-a2B+2^__j.

Also, from (5.6) we have for k > 1,

(5.11) Z(-lYbk   ^2n~r
r=0 *•' (2« - /•)! " °-

A recurrence formula, which can be derived from (5.6), is

V*'(-1)*2(2*)!   ■
k\        a

(5.12)       = £ .,'  *'""" WKr{a)
r=0

+ t(QbJ+t (")(«- »>• • • («-'-s+D^)^».

For example, we have

-6x(ex - I) + (x2 + 12)(ex + 1) = „?„ "V^ÏT
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where

12 ̂ 2.2.    .   6^2,2„_,        W2¡2„_2   _

(2«!)        (2«-l)! "t"(2«-2)!~U

and

-2^,2„      W2t2n_,      (-lTn
(2«)! (2«-l)! 22"     ff2»+^~5/ZJ-

Thus we see that

(5.13) a2„+2(-5/2) = (9¿ 1 2),   ^>2„_2.

A recurrence formula for W2)„(a) is

24a" = l2W2¡fl(a) + 6«W/2i„_t(a) + «(« - l)W2j„_2(a)

+ Z (") [12 + (« - r)(« - r - 7)] W2¿a),
r=o\r'

so that

Ff2j0(a) = 1,    W2A(a) = a - 1/2,    W2>2(a) = a2 - a + 1/3.

We can proceed in the same way to generalize the generating function for

the Bernoulli polynomials. In this case we define Vk¡ „(a) by means of

(5.14)       _k\x2k+1ex°/(2k+l)\_ =  y *_»

(-l)fc-1^k(2/x) + e-Afc(-2/x)     „%   k'"     nl "

,2fc + l „xa i

This can be written

(5.15) _k\x2k+1ex°l(2k + l)\_y   y    (a)xl

/fcjl(x)(e* + l)+/fc(2(x)(e*-l)     to   Kn     "r

Thus we have

V0,n{a)=Bn{a),   Vltn{a)=Vn(a).

Generally, we have

^>) = (-D"\„(l-a),

and if Vkn(0) = Vkn, we have

V*.«(*)~È ("Kr*""'.    ̂ „(1) = (-1)"^«.

Proceeding as before, but using (5.3), we have for k ~> 1, n > k,
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r k, 2n-r+l
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2-1   U     °ft-i.»-(2fl-r+l)!

(5.16) '=° / .ki ( nn-fc0-l-2n+2fc- f i-+ I \
- (2* + 1)! ( °      2 2"-2fc+2 \k+2)'

and for n> k,

k V
fe n\ V^   /    ,\rr rfc,2n+l—r

(5.17) Z(-l)Xr(2M + 1-r)!=0-

A recurrence formula is

¿0[(")*fto + £■(")(* -'):; • • Ö«-r-«+ D**..]^«)

+ 2J h        -    k'r('
(5.18) '»«

!0 ifn<2Jfc + l,

£,„1 an~2k~1

0*+!)! (n - 2* - 1)!    if">2* + l.

For example

_e*ax5/60_  -■   y   F    ()-

-6x(ex + 1) + (x2 + 12)(e* - 1)      „to    2>       "!

and by (5.16) and (5.17) we have for « > 1

(5.19) ^(5/2) = _L_I__^2ii+i

The recurrence formula is

¿   f")[12 + («-/•)(« -r-7)] F2>» -«(« - l)F2)„_2(a)

-6«^,n-i(û)-12K2tB(«)

if«<5,

«!
60(«-5)!a""S    if"^5-

The first three polynomials are

V2t0(fl) = h   K2>1(a) = a-l/2,    F2>2(a) = a2-a + 3/14.
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Note that by (5.5) and (5.14) we always have Wkfi = 1 = Vk0.
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